We evaluate f π /m ρ , f K /m ρ , 1/f ρ , and m φ /(f φ m ρ ), extrapolated to physical Typeset Using REVTEX
In a recent paper [1] we presented lattice QCD predictions for the masses of eight lowlying hardrons, extrapolated to physical quark mass, zero lattice spacing, and infinite volume, using Wilson quarks in the valence (quenched) approximation. The masses we found were within 6% of experiment, and all differences between prediction and experiment were consistent with the calculation's statistical uncertainty. We argued that this result could be interpreted as quantitative confirmation of the low-lying mass predictions both of QCD and of the valence approximation. It appeared to us unlikely that eight different valence approximation masses would agree with experiment yet differ significantly from QCD's predictions including the full effect of quark-antiquark vacuum polarization.
We have now evaluated the infinite volume, zero lattice spacing, physical quark mass limit of f π /m ρ , f K /m ρ , 1/f ρ , and m φ /(f φ m ρ ). To our knowledge there have been no previous systematic calculations of this physical limit of lattice meson decay constants. A review of earlier work is given in Ref. [2] . The predicted m φ /(f φ m ρ ) differs from experiment by less than its statistical uncertainty of approximately 15%. The other three constants are 10% to 20% below experiment, equivalent to between one and two times the corresponding statistical uncertainties.
The decay constant predictions we obtain may appear to be marginally in conflict with our earlier mass results. A simple argument suggests, however, that valence approximation decay constants actually should lie at least some amount below the predictions of the full theory and therefore, presumably, below experiment [3] . The valence approximation may be viewed as replacing the momentum and frequency dependent color dielectric constant arising from quark-antiquark vacuum polarization with it zero-momentum limit [4] . The valence approximation might thus be expected to be fairly reliable for low-lying baryon and meson masses, which are determined largely by the low momentum behavior of the chromoelectric field. The effective quark charge used in the valence approximation may be thought of as the product of the zero-momentum dielectric constant and the quark's true charge. The valence approximation's effective quark charge at higher momenta can then be obtained from the low momentum charge by the Callan-Symanzik equation. The leading coefficient β 0 entering the Callan-Symanzik equation in the valence approximation is larger than β 0 of the full theory, which is reduced by dynamical quark vacuum polarization. It follows that the quark charge in the valence approximation will fall faster with momentum than it does in the full theory. At sufficiently short distance the attractive quark-antiquark potential in the valence approximation will therefore be weaker than in the full theory. Meson wave functions in the valence approximation will then be pulled into the origin less than in the full theory and will be smaller at the origin. Since meson decay constants are proportional to quark-antiquark wave functions at the origin, decay constants in the valence approximation will be smaller than in the full theory.
Thus while Ref. [1] confirms the valence approximation for the low momentum behavior of the chromoelectic field governing the binding energy of low-lying hadrons, the present calculation shows that the valence approximation appears to become less reliable, as expected, for the higher momenta contributing to meson wave functions at the origin. Our result suggests that valence approximation predictions for the hadronic matrix elements entering weak decays will also tend to be somewhat smaller than their values in the full theory.
The calculations described here were done on the GF11 parallel computer at IBM Research [5] and use the same collection of gauge configurations and quark propagators generated for the mass calculations of Ref. [1] . The full set of mass and decay constant calculations took approximately one year to complete. GF11 was used in configurations ranging from 384 to 480 processors, with sustained speeds ranging from 5 Gflops to 7 Gflops. With the present set of improved algorithms and 480 processors, these calculations could be repeated in less than four months.
The normalization we adopt for pseudoscalar and vector decay constants in continuum In the valence approximation we have, in addition,
For simplicity, we will also use the names F ρ and F φ for F 1 and F 8 , respectively. Our normalization gives f π the value (93.15 ± 0.11)MeV.
The hadron mass calculation of Ref. [1] was done using gaussian smeared quark and antiquark fields defined in Coulomb gauge. Smeared fields have, therefore, also been adopted for the present calculation. The smeared field φ r ( x, t) is y G r ( x − y)ψ( y, t) for a smearing
, and φ r ( x, t) is defined correspondingly. We take the smeared fields φ 0 (x) and φ 0 (x) to be ψ(x) and ψ(x), respectively. From these fields, define the composite field J 
, where k j is the hopping constant corresponding to the mass of the quark and antiquark for a meson with flavor j, assumed here to have m q = m q , and k c is the critical hopping constant at which the pion's mass becomes zero. The decay constant for a meson with m q = m q will be discussed below. The renormalization constants z A j and z V j are often given the "naive" value 2k j . Even to leading order in perturbation theory, however, a better choice turns out to be (1 − 3k j /4k c ) [6] . Table I lists the lattice sizes, parameter values, sweeps skipped between gauge config-urations, and number of configurations used in the ensembles from which decay constants were calculated. Gauge configurations were generated with the Cabbibo-Marinari-Okawa algorithm. A discussion of the algorithms by which quark propagators were found is given in Ref. [1] . Hadron masses were determined by fits to hadron propagators constructed from the quark propagators. The coefficients Z AP j02 , Z P P j22 , Z V V j02 , and Z V V j22 were then extracted from fits to current-current and pseudoscalar-current correlation functions, and combined with both perturbative and naive renormalization to find two different sets of values for f π and F ρ . Statistical errors on these quantities and all other parameters which we have determined were found by the bootstrap method. A more detailed discussion of our fits and error analysis will be given elsewhere [7] .
Percentage changes in decay constants going from 16 3 ×32 to 24 3 ×32, at β of 5.7, are given in Table II . These changes are the same for both perturbative and naive renormalization.
All of the differences appear to be of marginal statistical significance and may therefore best be viewed as upper bounds on the volume dependence of our results. It appears quite likely that for the range of k, β, and lattice volume we have examined the errors in valence approximation decay constants due to calculation in a finite volume L 3 are bounded by an expression of the form Ce −L/R , with a coefficient R of the order of the radius of a hadron's wave function. At β of 5.7 for the k we considered, R is thus typically 3 lattice units or less.
We therefore expect that the differences between decay constants on a 16 3 volume and those on a 24 3 volume are nearly equal to the differences between 16 3 and true infinite volume limiting values.
At the largest k on each lattice, the ratio m π /m ρ is significantly larger than its experimentally observed value of 0.179. Thus to produce decay constants for hadrons containing only light quarks, our data has to be extrapolated to larger k or, equivalently, to smaller quark mass. We did not calculate directly at larger k both because the algorithms we used to find quark propagators became too slow and because the statistical errors we found in trial calculations became too large.
To extrapolate F ρ and f π to small quark mass, we first determined the critical hopping constant k c , for each lattice and β, at which m π becomes zero [1] . Defining the quark mass in lattice units m q a to be 1/(2k) − 1/(2k c ), we found f π a and F ρ a, both for perturbative renormalization and for naive renormalization, to be nearly linear functions of m q a over the entire range of k considered on each lattice. Figure 1 shows f π and F ρ , given by perturbative renormalization, as functions of m q . Data is shown from all lattices of Table I On the other hand, the linear fits of Figure 1 permit F ρ to be extrapolated to the point m q = m q = m s which, in the valence approximation, gives F φ .
The ratios f π /m ρ , f K /m ρ , F ρ /m ρ and F φ /m ρ for physical quark masses we then extrapolated to zero lattice spacing. The physical lattice volume was held nearly fixed as the lattice spacing was taken to zero. For Wilson fermions the leading lattice spacing dependence in mass ratios is expected to be linear in a. The values of β for these lattices were chosen so that the physical volume in each case is nearly the same. For lattice period L, the quantity m ρ L is respectively, 9.08 ± 0.13, 9.24 ± 0.19 and, averaged over three directions, 8.67 ± 0.12 [1] . Extrapolations to zero lattice spacing similar to those shown in Figure 2 were also done for naive renormalization.
The continuum ratios we found in finite volume were then corrected to infinite volume by an adaptation of the method used in Ref. [1] to correct finite volume continuum mass ratios to infinite volume. The difference between a unitless decay ratio found on the lattice 16 3 × 32, at β of 5.7, and the same ratio found on the lattice 24 3 × 32, at β of 5.7, we took as a finite lattice spacing approximation to the difference between the continuum decay ratio in a box with period having m ρ L of 9 and the continuum decay ratio in infinite volume. The error in this procedure, for perturbatively renormalized decay constants, can be estimated to be 4 % or less as follows. For perturbative renormalization, the value of each decay ratio on the lattice 16 3 × 32 at β of 5.7 differs from its continuum limit by at most 75 % of the continuum limit. Moreover, as we argued earlier, the change in each decay ratio, at β of 5.7, between 16 3 × 32 and 24 3 × 32 should be nearly the same as the corresponding change between 16 3 × 32 and infinite volume. Combining these two pieces of information, we expect that with a relative error of 75 % or less, the change in any decay ratio between 16 3 × 32 and 24 3 × 32 at β of 5.7 should be the same as the change between the continuum decay ratio in a box with period having m ρ L of 9 and the corresponding continuum ratio in infinite volume. Since the changes we found in decay ratios, for physical quark mass, between 16 3 × 32 and 24 3 × 32 are all less than 5 %, the error in using these differences as estimates of corresponding continuum differences between m ρ L of 9 and infinite volume should of the order of 75 % of 5%, which is 3.75 %. The corresponding uncertainty for naive renormalization is 10.0 % due to a larger change in these values between 16 3 × 32 at β of 5.7 and the continuum limit.
The ratios f π /m ρ , f K /m ρ , F ρ /m ρ and F φ /m ρ , for both naive and perturbative renormalization, extrapolated to zero lattice spacing with m ρ L fixed at 9, and then corrected to infinite volume are shown in Table III The predicted infinite volume ratios in Table III 
